We study heterotic asymmetric orbifold models. By utilizing the lattice engineering technique, we classify (22,6)-dimensional Narain lattices with right-moving non-Abelian group factors which can be starting points for Z 3 asymmetric orbifold construction. We also calculate gauge symmetry breaking patterns.
Introduction
String theory is expected to be the fundamental theory which unifies elementary particle physics and quantum gravity. Its compactification provides four-dimensional string theories and their low energy effective theories, in which required properties such as gravity and gauge interactions, as well as chiral matter can be realized. However, further properties of these effective theories depend on the geometry of the internal extra dimensions.
One of the promising compactification methods is the orbifold construction [1] of hetetoric string theory [2] . In this framework, we quantize closed strings on a six-dimensional toroidal orbifold in the internal dimensions. Model building towards supersymmetric standard models and some GUT-like extended models are vastly investigated in Z N and Z N × Z M orbifold compactification [3, 4, 5, 6, 7, 8, 9] (for a review [10] ). Since heterotic string theory has a microscopic description by a Lagrangian, it is possible to investigate phenomenological properties of the four-dimensional effective theory, such as the Yukawa couplings and higher order couplings, by considering selection rules of string interactions and explicitly computing string amplitudes [11, 12, 13, 14] .
We can consider an extension of the orbifolding procedure without losing string consistency: in the asymmetric orbifold construction [15] , orbifold actions for the left and right-movers on the string world-sheet are generalized to be independent. The generalization will expand the scope of realistic model building in heterotic string vacua. In the literature [16] , Z 3 asymmetric orbifold models with one Wilson line were studied. In addition, GUT models with higher KacMoody levels were constructed [17, 18] . However, systematic searches for realistic models, e.g. supersymmetric standard models, have not been done for asymmetric orbifold vacua. Such systematic studies are quite important in Z 3 asymmetric orbifold model building as well as for e.g. Z 6 or Z 12 orbifolds.
In this paper, we study the Z 3 asymmetric orbifold compactification systematically. A starting point for model building is a Narain compacification, i.e. a Lorentzian even self-dual lattice, with (22, 6) dimensions [19] . Unfortunately, there are infinitely many possible Narain lattices. But if one restricts to a certain class of Z 3 actions, the number of lattices compatible with the action is finite. Yet, it is difficult to cover all possibilities by a blind search. However, all Euclidean even self-dual lattices in 8, 16 and 24 dimensions are classified. From these one can construct Lorentzian even self-dual lattices by using the lattice engineering technique [20] . For example in [18] , the lattice engineering technique is applied in a GUT model construction. In the right-mover part of the Narain lattice we require either the E 6 or the A 3 2 lattice in order to realize the Z 3 automorphism [4, 21] . The D 4 × A 2 lattice can also realize the Z 3 twist by using the outer automorphism of D 4 . Thus, we classify the (22,6)-dimensional Lorentzian even self-dual lattices with an E 6 or A 3 2 right-mover lattice, which can be constructed using the 8, 16 and 24 dimensional Euclidean lattices through the lattice engineering technique. We also give a comment on (22, 6) -dimensional Lorentzian even self-dual lattices containing a D 4 right-mover lattice. This allows us to fix possible Narain lattices including gauge symmetries. Then, we can break gauge symmetries by embedding the Z 3 orbifold twist into the gauge space. In symmetric orbifold models, gauge symmetries after such breaking are classified by studying all breaking patterns of the E 8 root lattice through Z N shifts [22] . In our case, the Narain lattices used as starting point include root lattices of several simple Lie groups possibly shifted by fundamental weights. Thus, the analysis of breaking patterns becomes more involved, but we can classify all possible gauge groups after such Z 3 shift breaking. Our procedure for classification and model building can be extended to other Z N and Z N × Z M asymmetric orbifold models. This paper is organized as follows. In section 2, we construct (22,6)-dimensional Narain lattices which include an E 6 or A 3 2 right-moving lattice from 24-dimensional Euclidean lattices through the lattice engineering technique. These can be used for the Z 3 asymmetric orbifold construction. In section 3, we consider gauge symmetry breaking patterns caused by orbifold actions. We also show the construction of a (22, 6 )-dimensional Narain lattice in a more detailed manner in section 4, together with a simple Z 3 asymmetric orbifold model. In section 5 we present (22, 6 )-dimensional Narain lattices that have a right-moving D 4 × A 2 group factor and comment on their gauge breaking patterns. Section 6 is devoted to conclusions and discussion.
2 Asymmetric orbifold construction of the heterotic string
Heterotic asymmetric orbifolds
In this work we consider the heterotic string in its bosonic construction [2] compactified to four dimensions on an asymmetric toroidal orbifold. In the light-cone formalism, the original world-sheet CFT contains 24 bosonic left-movers X L , eight bosonic right-movers X R and eight right-moving fermions Ψ R . The asymmetric orbifolding procedure [15] consists of the following steps:
Toroidal compactification. The most general toroidal compactification is obtained by specifying periodic boundary conditions for X L and X R , except for the extended dimensions we keep. These boundary conditions are encoded in a (22, 6)-dimensional Lorentzian lattice Γ which represents the quantized momenta (p L , p R ). In this context Γ is called a Narain lattice [19] and modular invariance requires it to be even and self-dual. This toroidal theory possesses N = 4 SUSY in four dimensions and has a gauge symmetry G L of rank 22 which is determined by the left-mover part of the Narain lattice. Henceforth, X L , X R and Ψ R shall denote only the compactified directions.
Asymmetric twisting/shifting. Next, a twist θ = (θ L , θ R ) in combination with a shift V = (V L , V R ) is applied to the toroidally compactified directions, acting as follows:
The shift vector V is only defined modulo a lattice vector. Here, X R and Ψ R are twisted in the same manner in order to retain world-sheet supersymmetry. Furthermore, (θ,V ) is chosen such that the above action generates the cyclic group Z N . For consistency, θ must be a lattice automorphism, i.e. it has to conserve the scalar product defined on Γ. The orbifold action given by eqn. (1) is called symmetric if θ L can be written as θ R ⊕ θ 16 for some twist θ 16 . In our case we explicitly consider twists which are asymmetric, i.e. do not obey this requirement.
Here, we restrict our considerations to a class of asymmetric orbifold models that fulfills the following requirements:
1. In order to obtain phenomenologically viable models we only consider twists which retain N = 1 space-time SUSY. This is achieved when all eigenvalues λ of θ R fulfill λ = 1 [1] . Also, as an implication V R can be set zero.
2. The left-movers are not twisted but only shifted, i.e. θ L = 1. This shifting breaks the gauge group G L of the toroidal theory to a subgroup G orb ⊂ G L of the same rank.
3. For simplicity, we restrict to Z 3 asymmetric orbifolds.
A model which obeys the above constraints is fully specified by 1. A suitable (22,6)-dimensional Narain lattice Γ.
2. An automorphism θ of Γ of order 3 that acts as the identity on the 22-dimensional left-mover part, i.e. only twists the right-movers.
3. A shift vector V that is zero in the right-mover direction and fulfills 3V ∈ Γ.
In the following, a Narain lattice Γ is described by left-right combined momenta p = (p L , p R ) with the Lorentzian metric, namely,
R . Modular invariance of the closed string theory restricts the momentum lattice to be even and self-dual. If we denote the Narain lattice as Γ = i n i γ i by using a basis γ i and integers n i , the even and self-dual conditions are given by (n i γ i ) 2 ∈ 2Z for all n i and Γ =Γ withΓ ≡ i m iγi . Hereγ i satisfies γ i ·γ j = δ ij and the m i are integers.
Also, Γ can be described by a suitable combination of root lattices and their fundamental weights, the conjugacy classes. For a simple example, the E 8 even self-dual lattice which has only left-moving degrees of freedom is described by the momenta
i with simple roots α
and integers n i . In terms of conjugacy classes, Γ E 8 is written as 0 E 8 . Also, the Spin(32)/Z 2 lattice is given by the 16- 
with simple roots α
, and with the fifteenth fundamental weight ω 
Lattice engineering technique
As seen in the previous subsection, the starting point for an asymmetric orbifold construction is a (22, 6)-dimensional Narain lattice Γ possessing a suitable discrete symmetry θ. For the purpose of classifying such lattices, the lattice engineering technique [20] is useful. By this method we can construct new lattices from known ones. The lattice engineering procedure allows us to replace one of the left-moving group factors in the Narain lattice, say G, by some dual group factor G dual in the right-movers, and vice versa. Here, we denote a right-moving factor by using the bar sign. The dual group factor G dual is maximal so that G × G dual ⊂ G esd , where G esd is the group factor of an even self-dual lattice Γ G esd . For example, the 8-dimensional even self-dual lattice Γ E 8 has G esd = E 8 . The lattice Γ G esd is described by conjugacy classes of G esd , and, by a suitable decomposition, also in terms of conjugacy classes of G × G dual . The left-right replacement gives rise to a new lattice with different dimensions. If we start from a modular invariant lattice, the resulting lattice is also modular invariant since the two group factors G and G dual have the same modular transformation properties due to their conjugacy classes.
We show a simple example of the lattice engineering technique. Let us denote the E 8 even self-dual lattice in terms of E 6 × A 2 ⊂ E 8 . This leads to the decomposition
where 1 and 2 denote the conjugacy classes corresponding to the fundamental and the antifundamental weights of E 6 and A 2 , respectively. From this, we find that E 6 and A 2 are dual to each other. Here, let us consider the lattice engineering A 2 → E 6 . We replace each conjugacy class of A 2 as 0 A 2 → 0 E 6 , 1 A 2 → 1 E 6 and 2 A 2 → 2 E 6 . The resulting lattice is a Narain lattice in (6, 6 ) dimensions that we call Γ E 6 ×E 6 . It contains the conjugacy classes
These conjugacy classes are generated by (1 E 6 , 1 E 6 ). This lattice gives rise to an E 6 gauge symmetry from the left-moving E 6 root lattice. In this way We list group factors and their conjugacy classes which are relevant to Z 3 orbifold model construction in table 1. The conjugacy classes for the left-movers and the right-movers are denoted as c L and c R . We also list normalizations for U(1)s. In the same way, tables of group factors and conjugacy classes relevant for other orbifold models, e.g. Z 6 , can be evaluated.
24-dimensional Euclidean lattices
By the lattice engineering technique, we can construct (22,6)-dimensional Narain lattices from some known even self-dual lattices. As starting point we can choose a 8n-dimensional Euclidean lattice that has only left-moving degrees of freedom. The eight-dimensional lattice
(1, 2) (2, 0) - However, these lattices are not fully classified and it is known that their number increases rapidly with n. Therefore these possibilities are beyond our scope.
(22,6)-dimensional Narain lattices
In this section, we construct (22,6)-dimensional Narain lattices which can be starting points for the Z 3 asymmetric orbifold construction. Such kind of Narain lattice can be made from 8, 16 and 24-dimensional Euclidean lattices by the lattice engineering technique.
In order to realize N = 1 SUSY in Z 3 orbifold models, the right-moving twist vector should be t R = (0, 1, 1, −2)/3, and the right-moving part of the Narain lattice has to possess a Z 3 discrete rotation symmetry. In general, in the asymmetric orbifold construction, we can also twist the left-movers. However, in this work we consider the case of not twisting the left-movers since this decreases the degeneracy factor that appears in the twisted sector. From these restrictions it turns out that we have to concentrate on the classification of (22,6)-dimensional Narain lattices with right-moving group factors E 6 or A 3 2 . If we consider the case θ L = 1 and demand a non-Abelian group factor in the right-movers, Narain lattices with D 4 × A 2 can additionally be used for model building. We will comment on this possibility in section 5.
In general, (22, 6 )-dimensional Narain lattices are composed of certain building blocks that (s)
The shift actions for the simple roots and the highest root read
and
where we define n 0 so that
and k G 0 = 1. If the orbifold phases of (20) and (21) are non-integer, the corresponding adjoint states of G are projected out, so G is broken to a subgroup. Then, by calculating n i , it turns out that there are many possible shift vectors and corresponding breaking patterns. Also we find the following patterns: for A n with n = 2 mod 3, we can see that shift vectors which correspond to the conjugacy class c An = 0 mod 3 lead to the same series of group breaking patterns. Shift vectors for c An = 1 mod 3 or c An = 2 mod 3 also lead to the same series of breaking patterns. Furthermore, all conjugacy classes for A n with n = 0 mod 3 or n = 1 mod 3 lead to the same situations. For D n (n = 4 . . . No. C.C. Group breaking n
Shift vector (3V ) (3V ) 
Group breaking patterns of Z 3 asymmetric orbifold models
Next, we consider gauge symmetries of four-dimensional Z 3 orbifold models. We can calculate the breaking patterns by combining the results for each group factor from the previous subsection. For the (22,6)-dimensional lattices constructed in section 2, we list possible group patterns for the SM group or typical grand unified groups in tables 29 and 30. In the tables, "SM", "Pati-Salam" and "left-right symmetric" denote the SU(3) × SU(2) × U(1), SU(4) × SU(2) × SU(2) and SU(3) × SU(2) × SU(2) × U(1) gauge groups, respectively. Note that, at this stage, we do not care about the modular invariance condition.
Z 3 asymmetric orbifold models
In this section, we demonstrate the construction of a (22,6)-dimensional Narain lattice with right-moving E 6 by the lattice engineering technique and show an example Z 3 asymmetric orbifold model built from that lattice. This model fulfills the requirement given in subsection 2.1, i.e. there is no twist in the left-movers. The following model building procedure (see figure 2) can also be applied to the other (22,6)-dimensional lattices with E 6 or A Let us start with the 24-dimensional A 11 × D 7 × E 6 lattice which contains the conjugacy classes generated by (1, s, 1). All conjugacy classes of that lattice are given by (0, 0, 0), (1, s, 1), (2, v, 2), (3, c, 0), (4, 0, 1), (5, s, 2), (6, v, 0), (7, c, 1), (8, 0, 2), (9, s, 0), (10, v, 1) , (11, c, 2) . 
We apply the lattice engineering A 2 → E 6 to the A 2 factor in A 8 × U(1) × A 2 ⊂ A 11 , i.e.,
Under the decomposition A 8 × U(1) × A 2 ⊂ A 11 , the conjugacy classes i A 11 are described as
Here we take the U(1) normalization 6. Using this, we can decompose i A 11 for all conjugacy classes in (22) and replace 0 A 2 → 0 E 6 , 1 A 2 → 1 E 6 and 2 A 2 → 2 E 6 . The resulting lattice corresponds to the (22,6)-dimensional lattice #15 in table 10, whose conjugacy classes are generated by (0, 0, 1, 1/9, 1) and (s, 1, 1, 1/36, 0) of
At this stage the four-dimensional heterotic string has N = 4 SUSY and an SO(14) × E 6 × SU(9) × U(1) gauge symmetry.
Let us consider gauge group breaking patterns for this lattice in the framework of Z 3 asymmetric orbifolds. Since we twist the right-movers in order to obtain N = 1 SUSY, conjugacy classes of the lattice that are relevant for shift vectors have to include 0 E 6 in the right-mover. This is because the right-moving zero momentum mode which survives the twist action is contained in 0 E 6 . The relevant conjugacy classes are
24-dimensional Euclidean lattice ❄ Lattice engineering technique i.e. the closure of (s, 1, 1, 1/36, 0). Among the conjugacy classes, it turns out that, if we concentrate on only group breaking patterns, independent conjugacy classes are given by (0, 0, 0, 0, 0) and (s, 1, 1, 1/36, 0). This means that shift vectors for each conjugacy class are given by V = p/3 with
respectively. Here n is an integer. The shift vector breaks the left-moving D 7 , E 6 and A 8 groups. We summarize corresponding group breaking patterns in table 6. Note that we do not take account of a modular invariance condition in this stage. Suitable combinations of shift vectors lead to modular invariance. Although here we do not list all breaking patterns for the other (22,6)-dimensional lattices since there are many possibilities, following the same procedure, it is easy to make corresponding tables.
Group Group breaking patterns Group breaking patterns C.C. 
Next, we construct a Z 3 asymmetric orbifold model from the above lattice. We consider the Z 3 twist only for the right-movers and a shift for the left-movers. The twist vector is given by t R = (0, 1, 1, −2)/3 and the shift vector is
This shift vector belongs to the conjugacy class (0, 0, 0, 0, 0) of
We can show that this shift vector leads to a consistent model since the modular invariance condition which for this setup is given by
is obeyed. This modular invariance condition is applicable to other Z 3 models without a left-moving twist action. The shift vector V breaks the original gauge symmetry to
The massless spectrum in the untwisted sector can be read off as in symmetric orbifold models by considering the cancellation of orbifold phases. Shifting and twisting acts on the adjoint modes |p of D 7 × E 6 × A 8 × U(1) and on the right-moving H-momentum modes
These massless modes survive if the phases due to the orbifold action cancel, i.e.
The gauge multiplets of SO (14)×E 6 ×SU (6)×U (1)×SU (3)×U (1) are coming from invariant modes in the N = 4 vector multiplet of
. A nontrivial chiral field comes from the diagonal part of the adjoint modes of A 8 ,
of
/2 = 5/12, and
/2 = 1/3. We can check that these momentum modes satisfy the massless condition
The orbifold phase is evaluated as
by using the decomposition ω
= (3ω
. On the other hand, the rightmoving H-momentum modes |q
get phases −t R · q ′ ∼ −1/3. Then, as a result, we find that the following states survive orbifold projection:
For the fermionic states with the first component 1/2, we define the four-dimensional chirality as left-handed. Combined with CPT conjugate states, we obtain three chiral supermultiplets in the representation 3(1,
Here we take the U(1) normalizations as √ 2 and 1. There are also four-dimensional gravity, anti-symmetric tensor and dilaton supermultiplets, but no other singlets.
Let us proceed to the Z 3 twisted sector. In order to evaluate momentum modes in the twisted sector, we first consider the invariant sublattice I θ (Γ), which is the sublattice of the original (22,6)-dimensional lattice Γ invariant under the twist action t R . Since we twist all right-moving six dimensions I θ (Γ) is a 22-dimensional lattice. In terms of conjugacy classes I θ (Γ) is described by the generator (s, 1, 1, 1/36) of D 7 × E 6 × A 8 × U(1). This invariant lattice can be spanned by the following basis
We can also evaluate the dual lattice of the invariant sublatticeĨ θ (Γ) = 22 i=1α i , where the dual basisα i satisfies α i ·α j = δ ij . In terms of conjugacy classes the dual lattice is generated by (s, 0, 0, 1/4), (0, 1, 0, −1/3) and (0, 0, 1, 1/9). To read off massless states in the α = 1, 2 twisted sector, we solve a masslessness condition
where p ∈Ĩ θ (Γ) + αV . Note that, since we do not consider any left-moving twist, the change of the zero point energy in the twisted sector is trivial, i.e. ∆c L = 0. In Z 3 orbifolds, we do not need to consider a cancellation of phases of massless states in the twisted sector since all massless states survive the orbifold projection. We can easily read off momentum modes that satisfy the massless condition for each conjugacy class. For example, for the conjugacy class (0, 1, 0, −1/3) and α = 1,
There one finds a solution of momentum modes in the representation (1, 27, 1, 0, 3, 0). We also find that there are H-momentum modes |0, 1/3, 1/3, 1/3 and |1/2, −1/6, −1/6, −1/6 in the right-movers. Combining with CPT conjugate states in the α = 2 sector we finally obtain left-handed chiral multiplets 3(1, 27, 1, 0, 3, 0) L , where the degeneracy factor three comes from the number of fixed points which can be evaluated as
Here, the η i are defined as 0 ≤ t i + n i = η i < 1 for suitable intergers n i , and the volume of the invariant lattice is Vol(I θ (Γ)) = det(g ij ) = det(α i · α j ), using (36). A similar analysis can be performed for the other conjugacy classes. The resulting massless spectrum of this model is shown in table 7. Although in this paper only one example is shown, we can construct other models by considering other choices of shift vectors in (26) and (27) , or by regarding other (22,6)-dimensional Narain lattices with E 6 or A There are some characteristic properties of asymmetric orbifold models that we can read off from the example model. First, the number of fixed points is three. In asymmetric orbifolds, the number of η i with η i = 0 can be smaller than in the symmetric case. Also, the volume of the invariant lattice I θ (Γ) can be larger. Both effects tend to reduce the number of fixed points. Next, a non-Abelian gauge flavor symmetry can appear in the twisted sector, as the Gauge symmetry 1 This is due to the asymmetric orbifold action (no twist for the left-mover), by which the zero point energy for the left-mover becomes −1 (∆c L = 0). Then, matter states that are nontrivially charged under another non-Abelian gauge symmetry can be massless. Also, for the orbifolds we consider, the gauge group has rank 22, so there is a rich source of gauge symmetries in a hidden sector.
Narain lattices with a right-moving non-abelian group factor
In this section, we comment on other types of (22,6)-dimensional Narain lattices that can be used for Z 3 asymmetric orbifold constructions. If we impose the condition that the rightmoving group factor has to be non-Abelian, Narain lattices with D 4 × A 2 can also be starting points. These lattices can also be constructed by the lattice engineering technique as follows. In the case of Narain lattices with D 4 , we have to be careful about the Z 3 discrete symmetry. Since we twist the right-mover we need to simultaneously rotate the left-mover. We can see that the left-moving twist leads to a rank reduction [24] of gauge groups or higher level KacMoody models [27] . For example, if we consider a Z 3 orbifold action on the (4,4)-dimensional D 4 × D 4 lattice which is given by conjugacy classes
the Z 3 action acts as 0
So at the same time we have to consider a left-moving twist which maps 0 
This diagonal embedding action [28] realizes the A 1 group with Kac-Moody level k = 3.
Conclusions
We have studied Z 3 asymmetric orbifold models of heterotic string theory systematically. Narain lattices in (22, 6) dimensions that can be used as starting point are classified by utilizing the lattice engineering technique with 24-dimensional lattices. We find 90 (22,6)-dimensional Narain lattices for the Z 3 asymmetric orbifold construction without left-moving twist action. Possible breaking patterns of gauge symmetry arising from the lattices are listed in tables 29 and 30. In these tables, we find that many lattices can give rise to the SM group and other interesting gauge groups. If we allow a left-moving twist action, extra 16 types of (22,6)-dimensional Narain lattices which have D 4 × A 2 in the right-mover can be used as starting point for model building. In that case, the resulting orbifold models will have gauge symmetry with a higher Kac-Moody level or with lower rank than 22.
Using the group breaking patterns and the Narain lattices collected in this paper, the next step should be to search for phenomenologically realistic models in the Z 3 asymmetric orbifold vacua. The model building procedure in section 4 is applicable to those 90 Narain lattices with E 6 or A in asymmetric orbifolds will become necessary. Also, since patterns of masses and mixings depend on flavor symmetries, it will be important to consider flavor gauge symmetries and discrete flavor symmetries [25, 26] related to "fixed points" as they arise from asymmetric orbifold compactifications.
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